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Introduction
The real Landsberg spaces, in particular the real Berwald spaces, have been a major subject of study for many people over the years. In 1926 L. Berwald introduced a special class of Finsler spaces which took his name in 1964. It is known that a real Finsler space is called a Berwald space if the local coefficients of the Berwald connection depend only on position coordinates. An equivalent condition to this is that the Cartan tensor field is h− parallel to the Berwald connection, i.e. C ijk;r = 0, where here ';' means the horizontal covariant derivative with respect to Berwald connection. In 1934 Cartan emphasized two weak points of the Berwald connection. One is that it is not metrical. Moreover g ij;k = −2C ijk;0 and therefore if C ijk;0 = 0, then it becomes metrical. However, such a space was called Landsberg by L. Berwald in 1928. Many great contributions to the geometry of the real Landsberg and Berwald spaces are due to Z. Szabo [26] , M. Matsumoto [20] , P. Antonelli [7] , A. Bejancu [9] , Z. Shen [24] . Every Berwald space is a Landsberg space. The converse, has been a long-standing problem, [17, 27, 13] .
Part of the general themes from real Finsler geometry about Landsberg and Berwald spaces can be broached in complex Finsler geometry. However, there are sensitive differences comparing to real reasonings, mainly on account of the fact that in complex Finsler geometry there exist two different covariant derivative for the Cartan tensors, C ijk | h and C ijk |h . Such reason determined T. Aikou, [2] , to request in the definition of a complex Berwald space, beside the natural condition C ijk | h = 0, the Kähler condition.
Therefore, the same arguments will be taken into account in the definition of a complex Landsberg space. Using some ideas from the real case, related to the Rund and Berwald connections, our aim in the present paper is to introduce and study the complex Landsberg spaces and some of their subclasses.
We associate to the canonical nonlinear connection, with the local co- Because any Kähler space is a complex Landsberg space, the substitution of the Landsberg condition with the Kähler condition in the definition of the G -Landsberg spaces leads to another subclass of this, called us G -Kähler.
Inter alia in Theorem 3.4 we prove that it coincides with the category of complex Berwald spaces defined by Aikou in [2] . The strong Landsberg spaces are situated somewhere between complex Berwald spaces and GLandsberg spaces.
The complex Berwald spaces were introduced as a generalization of the real case, but in the particular context of Kähler. Therefore an unquestionable extension of these, directly related on the BΓ connection, is called by us The organization of the paper is as follows. In §2, we recall some preliminary properties of the n -dimensional complex Finsler spaces, completed with some others needed for our aforementioned study. In §3, we prove the above mentioned Theorems and we estabilish interrelations among all classes of complex Finsler spaces. In section §4 we produced some family of complex Finsler spaces with (α, β) -metrics which are generalized Berwald spaces and in particular, complex Berwald spaces.
Preliminaries
In this section we will give some preliminaries about complex Finsler geometry with Chern-Finsler, Berwald and Rund complex linear connections. We will set the basic notions (for more see [1, 22] ) and we will prove some important properties of these connections.
Complex Finsler spaces
Let M be a n−dimensional complex manifold, z = (z k ) k=1,n be the complex coordinates in a local chart.
The complexified of the real tangent bundle T C M splits into the sum of holomorphic tangent bundle T M and its conjugate T M . The bundle T M is itself a complex manifold and the local coordinates in a local chart will be denoted by u = (z k , η k ) k=1,n . These are changed into (z k , η k ) k=1,n by the
+ is a continuous function satisfying the conditions: i) L := F 2 is smooth on T M := T M \{0}; ii) F (z, η) ≥ 0, the equality holds if and only if η = 0; iii) F (z, λη) = |λ|F (z, η) for ∀λ ∈ C; iv) the Hermitian matrix g ij (z, η) is positive definite, where
is the fundamental metric tensor. Equivalently, it means that the indicatrix is strongly pseudo-convex.
Consequently, from iii) we have
Roughly speaking, the geometry of a complex Finsler space consists of the study of the geometric objects of the complex manifold T M endowed with the Hermitian metric structure defined by g ij .
Therefore, the first step is to study sections of the complexified tangent bundle of T M, which is decomposed in the sum At this point, the idea of complex nonlinear connection, briefly (c.n.c.), is an instrument in 'linearization' of this geometry. A (c.n.c.) is a supple- The next step is the action of a derivative law D on the sections of T C (T M ). A Hermitian connection D, of (1, 0)− type, which satisfies in addition D JX Y = JD X Y, for all X horizontal vectors and J the natural complex structure of the manifold, is so called Chern-Finsler connection (cf. [1] ), in brief C −F. The C −F connection is locally given by the following coefficients (cf. [22] ):
and
= 0, where here and further on δ k is the adapted frame of the
The C − F connection is the main tool in this study.
Denoting by " " , " | " , "¯ " and "|", the h−, v−, h−, v− covariant derivatives with respect to C − F connection, respectively, it results
Now, we consider the complex Cartan tensors:
Now, differentiating in (2.3) with respect to η h it results i), and with respect toη h leads to ii).
Let us recall that in [1] 's terminology, the complex Finsler space (M, F ) is strongly Kähler iff T 
Connections on complex Finsler spaces
It is well known by [1, 22] that the complex geodesics curves are defined by means of Chern-Finsler (c.n.c.). Between complex spray and (c.n.c.) there exists an interdependence, one determining the other. In [22] it is proved that the Chern-Finsler (c.n.c.) does not generally come from a complex spray except when the complex metric is weakly Kähler. On the other hand, its local coefficients N k j = gm k ∂g lm ∂z j η l always determine a complex spray with
and called canonical in [22] , where it is proved that it coincides with ChernFinsler (c.n.c.) if and only if the complex Finsler metric is Kähler. Using canonical (c.n.c.) we associate to it the next complex linear connections: one of Berwald type
and another of Rund type
RΓ is only h− metrical and BΓ is neither h− nor v− metrical, (for more details see [22] ). Note that the spray coefficients perform 
where B is h−covariant derivative with respect to BΓ connection.
Proof. i)
∂z h η j η k can be rewrite as follows
Differentiating (2.4) with respect to η l yields
6) which leads to
Now, taking into account that g
Lm rh g lm and i) it results ii). iii) Differentiating (2.4) with respect toη h yields
which together with i) and the h -covariant derivative rule with respect to C − F connection gives iii).
Lm jk g im , which differentiated with respect to η h , giveṡ
For v) we computė
The complex Landsberg spaces
In real Finsler geometry the classes of Landsberg and Berwald spaces are related by Rund and Berwald connections, [9] . Namely, a real Finsler space is Landsberg if the Berwald and Rund connections coincide. Nevertheless, in complex Finsler geometry some differences appear. We will speak about of three kinds of complex spaces of Landsberg type.
We remark that any complex Finsler space which is Kähler is a Lands-
jk and so it is Landsberg. Thus, the Kähler spaces offer a asset family of complex Landsberg spaces.
Theorem 3.1. Let (M, F ) be a n -dimensional complex Finsler space. Then the following assertions are equivalent:
Proof. i) ⇔ ii). A direct computation gives
which, together with Lemma 2.2 ii), get the proof.
Differentiating it with respect to η h yields iii).
iii) ⇒ ii). Contracting iii) with
Lm jk )g im , which justifies this equivalence. 
Proof. i) ⇒ ii). If (M, F ) is a strong Landsberg space, then by Theorem 3.2
iii) it is G -Landsberg. Therefore, Lemma 2.2 iv) and v) become
Differentiating the second equation of (3.1) with respect to η s , it yields 0 =∂h[∂ s (g Some necessary and sufficient conditions for G -Kähler spaces are contained in the next theorem.
To prove iii) ⇒ iv) we use again Lemma 2.2 iv). Under assumptions iii), it is∂ h (g
Theorem 3.4. Let (M, F ) be a n -dimensional complex Finsler space. Then the following assertions are equivalent: 
Taking into account (M, F ) is Kähler if and only if
jk , and using Propositions 3.2, it follows the proof for i) ⇔ iii) and i) ⇔ iv).
An immediately consequence of above Theorem follows. We note that C lrh|k = 0 or C lrh|k = 0 implies∂hG i = 0, but the converse is not true.∂hG i = 0 together with the Kähler condition gives C lrh|k = 0 or C lrh|k = 0. Therefore, some tensorial characterizations for complex Berwald spaces are contained in the next theorem. In the remainder of this section we return to the notion of the real Berwald space, [9] . It is a real Finsler space for which the coefficients of the (real) Berwald connection depend only on the position. Our problem is to see whether there exist a corespondent of this real assertion in complex Using Corollary 3.1 and Proposition 3.2, we have proved the following, Theorem 3.6. Let (M, F ) be a n -dimensional complex Finsler space. Then the following assertions are equivalent: on a domain D from T M , dim C M = 2, such that its metric tensor is nondegenerated. We relabeled the local coordinates z 1 , z 2 , η 1 , η 2 as z, w, η, θ, respectively. σ(z, w) is a real valued function and
which depend only on z and w.
Summing up all the results proved above we have the inclusions from Fig.  1 .
The intersection between the set of Landsberg spaces and those of the generalized Berwald spaces gives the class of G -Landsberg spaces.
Trivial examples of such spaces are given by the purely Hermitian and local Minkowski manifolds. In the next section we came with some nice families of generalized Berwald spaces.
Generalized Berwald spaces with (α, β) -metrics
We consider z ∈ M, η ∈ T z M, η = η i ∂ ∂z i ,ã := a ij (z)dz i ⊗ dz j a purely Hermitian metric and b = b i (z)dz i a differential (1, 0)− form. By these objects we have defined (for more details see [3, 4] 
Proposition 4.1. 
Complex Randers metric F := α + |β|
For the complex Randers metric F := α + |β| we have, ( [4] )
where
i and so, the spray coefficients are
Moreover, for the weakly Kähler complex Randers spaces we have proven. where
, Γr ji := 
, which contains an irrational part and another rational one. Thus, we obtain
Theirs contractions by b i and l i yield
Adding the second and the third relations from (4.9), we obtain
This together with the fourth equation from (4.9) implies ( 
e. the Randers space is Kähler which proves our claim. , |β| = 0, we have, ( [6] ) Certainly, as it is expected, our study is far from being complete. Here we tried to point out some classes of complex Finsler spaces with special properties for Cartan tensors, having in mind an analogy with the real case. There is not enough space here to prove with other examples that our classification of these complex Finsler spaces is proper. Otherwise, we don't have at hand too many examples of complex Finsler spaces, in fact the study of these spaces could be considered rather at a first stage. It is our goal to look for other significant examples from the new class of complex Randers spaces, [4, 12] , in particular for two dimensional case, recently studied by us. Keeping in mind that in the real case the relations between Landsberg and Berwald spaces give rise to some questions which had been open for a long time ( [13, 27, 18] ), it is possible that the same takes place for our setting. However, from our point of view this classification seems natural.
Complex Kropina metric
∂α ∂η i = 1 2α l i ; ∂|β| ∂η i =β 2|β| b i ; η i := ∂L ∂η i = 2q 2 l i − q 4β b i ; q := α |β| ; (4.18) N i j = a N i j −β
